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ON THEORY OF LANDAU-POMERANCHUK-MIGDAL
EFFECT ∗
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Budker Institute of Nuclear Physics,
Novosibirsk, 630090, Russia
E-mail: baier@inp.nsk.su; katkov@inp.nsk.su
The cross section of bremsstrahlung from high-energy electron suppressed due to
the multiple scattering of an emitting electron in a dense media (the LPM effect)
is discussed. Development of the LPM effect theory is outlined. For the target of
finite thickness one has to include boundary photon radiation as well as the inter-
ference effects. The importance of multiphoton effects is emphasized. Comparison
of theory with SLAC data is presented.
1. Introduction
The process of photon radiation takes place not in one point but in some
domain of space-time, in which a photon (an emitted wave in the classical
language) is originating. The longitudinal dimension of this domain is called
the formation (coherence) length lf
lf0(ω) = 2εε
′/ωm2, (1)
where ε(ε′) is the energy of the initial (final) electron, ω is the photon
energy, ε′ = ε − ω, m is the electron mass, we employ units such that
~ = c = 1. So for ultrarelativistic particles the formation length extends
substantially. For example for ε = 25 GeV and emission of ω = 100 MeV
photon, lf = 10µm, i.e.∼ 105 interatomic distances.
Landau and Pomeranchuk were the first to show that if the forma-
tion length of the bremsstrahlung becomes comparable to the distance over
which the multiple scattering becomes important, the bremsstrahlung will
be suppressed 1. They considered radiation of soft photons. Migdal 2 de-
∗This work is partially supported by grant 03-02-16154 of the Russian Fund of Funda-
mental Research
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veloped a quantitative theory of this phenomenon. Now the common name
is the Landau- Pomeranchuk -Migdal (LPM) effect.
Let us estimate a disturbance of the emission process due to a multiple
scattering. As it is known, the mean angle of the multiple scattering at
some length lf is
ϑs =
√
ϑ2s = εs/ε
√
lf/2Lrad, εs = m
√
4π/α = 21.2 MeV, (2)
where α = e2 = 1/137, Lrad is the radiation length. Since we are interesting
in influence of the multiple scattering on the radiation process we put here
the formation length (1). One can expect that when ϑs ≥ 1/γ this influence
will be substantial. From this inequality we have
ε′/εLP ≥ ω/ε, εLP = m4Lrad/ε2s, (3)
here εLP is the characteristic energy scale, for which the multiple scat-
tering will influence the radiation process for the whole spectrum. It
was introduced in 1 and denoted by E0 = εLP . For tungsten we have
εLP = 2.72 TeV, and similar values for the all heavy elements. For light ele-
ments the energy εLP is much larger. When ε≪ εLP the multiple scattering
will influence emission of soft photons only with energy ω ≤ ωLP = ε2/εLP ,
e.g. for particles with energy ε = 25 GeV one has ωLP ≃ 230 MeV. Of
course, we estimate here the criterion only. For description of the effect one
has to calculate the probability of the bremsstrahlung taking into account
multiple scattering.
2. The LPM effect in a infinite medium
We consider first the case where the formation length is much shorter than
the thickness of a target l(lf0 ≪ l). The basic formulas for probability
of radiation under influence of multiple scattering were derived in 3. The
general expression for the radiation probability obtained in framework of
the quasiclassical operator method (Eq.(4.2) in 4)was averaged over all
possible particle trajectories. This operation was performed with the aid of
the distribution function, averaged over atomic positions in the scattering
medium and satisfying the kinetic equation. The spectral distribution of
the probability of radiation per unit time was reduced in 5 to the form
dW/dω = (2α/γ2)Re
∫
∞
0
dte−it [R1ϕ0(0, t) +R2pϕ(0, t)] , (4)
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where R1 = ω
2/εε′, R2 = ε/ε
′+ε′/ε, and the functions ϕµ (ϕ0,ϕ) satisfy
the equation
i
∂ϕµ
∂t
= Hϕµ, H = p
2 − iV (̺), p = −i∇̺, V (̺) = −Q̺2
(
ln γ2ϑ21
+ ln
̺
2
4
+ 2C − 1
)
, Q =
2πnaZ
2α2εε′
m4ω
, C = 0.577216... (5)
with the initial conditions ϕ0(̺, 0) = δ(̺), ϕ(̺, 0) = pδ(̺). Here ε, ε
′, ω
are defined in (1) Z is the charge of the nucleus and na is the number
density of atoms in the medium, ϑ1 = 1/εas, as is the screening radius
(as = 0.81aBZ
−1/3, aB is the Bohr radius). Note, that it is implied that
in formula (4) subtraction at V = 0 is made.
The potential V (̺) (5) corresponds to consideration of scattering in the
Born approximation. The difference of exact as a function of Zα potential
V (̺) and taken in the Born approximation was computed in Appendix A
of 5. The potential V (̺) with the Coulomb corrections taken into account
is
V (̺) = −Q̺2 (ln γ2ϑ22 + ln̺2/4 + 2C) , (6)
where ϑ2 = ϑ1 exp(f − 1/2), the function f = f(Zα) is
f(ξ) = Re [ψ(1 + iξ)− ψ(1)] = ξ2
∞∑
n=1
1/(n(n2 + ξ2)), (7)
where ψ(ξ) is the logarithmic derivative of the gamma function.
In above formulas ̺ is two-dimensional space of the impact parameters
measured in the Compton wavelengths λc, which is conjugate to space of
the transverse momentum transfers measured in the electron mass m.
An operator form of a solution of Eq. (5) is
ϕ0(̺, t) = exp(−iHt)ϕ0(̺, 0) =< ̺| exp(−iHt)|0 >, H = p2 − iV (̺),
ϕ(̺, t) = exp(−iHt)pϕ0(̺, 0) =< ̺| exp(−iHt)p|0 >, (8)
where we introduce the following Dirac state vectors: |̺ > is the state
vector of coordinate ̺, and < ̺|0 >= δ(̺). Substituting (8) into (4)
and taking integral over t we obtain for the spectral distribution of the
probability of radiation
dW
dω
=
2α
γ2
ImT, T =< 0|R1
(
G−1 −G−10
)
+R2p
(
G−1 −G−10
)
p|0 >,
(9)
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where
G = p2 + 1− iV, G0 = p2 + 1. (10)
Here and below we consider an expression < 0|...|0 > as a limit: lim x→ 0,
lim x′ → 0 of < x|...|x′ >.
Now we estimate the effective impact parameters ̺c which give the main
contribution into the radiation probability. Since the characteristic values
of ̺c can be found straightforwardly by calculation of (9), we the estimate
characteristic angles ϑc connected with ̺c by an equality ̺c = 1/(γϑc).
The mean square scattering angle of a particle on the formation length of
a photon lf (1) has the form
ϑ2s =
4πZ2α2
ε2
nalf ln
ζ
γ2ϑ21
=
4Q
γ2ζ
ln
ζ
γ2ϑ21
, (11)
where ζ = 1 + γ2ϑ2, we neglect here the polarization of a medium. When
ϑ2s ≪ 1/γ2 the contribution in the probability of radiation gives a region
where ζ ∼ 1(ϑc = 1/γ), in this case ̺c = 1. When ϑs ≫ 1/γ the character-
istic angle of radiation is determined by self-consistency arguments:
ϑ2s ≃ ϑ2c ≃
ζc
γ2
=
4Q
ζcγ2
ln
ζc
γ2ϑ21
,
4Q
ζ2c
ln
ζc
γ2ϑ21
= 1, 4Q̺4c ln
1
γ2ϑ21̺
2
c
= 1.
(12)
It should be noted that when the characteristic impact parameter ̺c be-
comes smaller than the radius of nucleus Rn, the potential V (̺) acquires
an oscillator form (see Appendix B, Eq.(B.3) in 5)
V (̺) = Q̺2
(
ln a2s/R
2
n − 0.041
)
(13)
Allowing for the estimates (12) we present the potential V (̺) (5) in the
following form
V (̺) = Vc(̺) + v(̺), Vc(̺) = q̺
2, q = QLc, Lc ≡ L(̺c) = ln 1
γ2ϑ22̺
2
c
,
L1 ≡ L(1) = ln 1
γ2ϑ22
= ln
a2s2
λ2c
, v(̺) = −q̺
2
Lc
(
2C + ln
̺
2
4̺2c
)
. (14)
The inclusion of the Coulomb corrections (f(Zα) and -1) into lnϑ22 dimin-
ishes effectively the correction v(̺) to the potential Vc(̺). In accordance
with such division of the potential we present the propagators in expression
(9) as
G−1 −G−10 = G−1 −G−1c +G−1c −G−10 (15)
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where
Gc = p
2 + 1− iVc, G = p2 + 1− iVc − iv
This representation of the propagator G−1 permits one to expand it over
the ”perturbation” v. Indeed, with an increase of q the relative value of the
perturbation is diminished (
v
Vc
∼ 1
Lc
) since the effective impact parameters
diminishes and, correspondingly, the value of logarithm Lc in (14) increases.
The maximal value of Lc is determined by the size of a nucleus Rn
Lmax = ln
a2s2
R2n
≃ 2 ln a
2
s2
λ2c
≡ 2L1, L1 = 2(ln(183Z−1/3)− f(Zα)), (16)
where as2 = as exp(−f + 1/2). So, one can to redefine the parameters as
and ϑ1 to include the Coulomb corrections. The value L1 is the important
parameter of the radiation theory.
The matrix elements of the operator G−1c can be calculated explicitly.
The exponential parametrization of the propagator is
G−1c = i
∫
∞
0
dte−it exp(−iHct), Hc = p2 − iq̺2 (17)
The matrix elements of the operator exp(−iHct) has the form (details see
in 5)
< ̺1| exp(−iHct)|̺2 >≡ Kc(̺1,̺2, t), Kc(̺1,̺2, t)
=
ν
4πi sinh νt
exp
{
iν
4
[
(̺21 + ̺
2
2) coth νt−
2
sinh νt
̺1̺2
]}
, (18)
where ν = 2
√
iq (see (14)).
Substituting formulae (17) and (18) in the expression for the spectral
distribution of the probability of radiation (9) we have
dWc
dω
=
α
2πγ2
Im Φ(ν),
Φ(ν) = ν
∫
∞
0
dte−it
[
R1 (1/ sinh z − 1/z)− iνR2
(
1/ sinh2 z − 1/z2)]
= R1 (ln p− ψ (p+ 1/2)) +R2 (ψ (p)− ln p+ 1/2p) (19)
where z = νt, p = i/(2ν), let us remind that ψ(x) is the logarithmic
derivative of the gamma function (see Eq.(7)). If in Eq.(19) one omits the
Coulomb correction, then the probability (19) coincides formally with the
probability calculated by Migdal (see Eq.(49) in 2).
We now expand the expression G−1 −G−1c over powers of v
G−1 −G−1c = G−1c (iv)G−1c +G−1c (iv)G−1c (iv)G−1c + ... (20)
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In accordance with (15) and (20) we present the probability of radiation
in the form
dW/dω = dWc/dω + dW1/dω + dW2/dω + ... (21)
At Q ≥ 1 the expansion (20) is a series over powers of 1/L. It is important
that variation of the parameter ̺c by a factor order of 1 has an influence
on the dropped terms in (20) only. The probability of radiation dWc/dω is
defined by Eq.(19).
The term dW1/dω in (21) corresponds to the term linear in v in (20).
The explicit formula for the first correction to the probability of radiation
5 is
dW1
dω
= − α
4πγ2Lc
Im F (ν); −Im F (ν) = D1(ν0)R1 + 1
s
D2(ν0)R2;
D1(ν0) =
∫
∞
0
dze−sz
sinh2 z
[
d(z) sin sz +
π
4
g(z) cos sz
]
, D2(ν0) =
∫
∞
0
dze−sz
sinh3 z
×
{[
d(z)− 1
2
g(z)
]
(sin sz + cos sz) +
π
4
g(z) (cos sz − sin sz)
}
,
d(z) = (ln ν0ϑ(1− ν0)− ln sinh z − C)g(z)− 2 cosh zG(z), s = 1/
√
2ν0,(22)
where
g(z) = z cosh z − sinh z, G(z) =
∫ z
0
(1 − y coth y)dy
= z − z2/2− π2/12− z ln (1− e−2z)+ Li2 (e−2z) /2, (23)
here Li2 (x) is the Euler dilogarithm; and
ν20 ≡ |ν|2 = 4q = 4QL(̺c) = 8πnaZ2α2εε′L(̺c)/m4ω, (24)
As it was said above (see (12), (16)), ̺c = 1 at
|ν2| = ν21 = 4QL1 ≤ 1. (25)
The logarithmic functions Lc ≡ L(̺c) and L1 are defined in (14) and (16).
If the parameter |ν| > 1, the value of ̺c is defined from the equation (12),
where ϑ1 → ϑ2, up to ̺c = Rn/λc. So, we have two representation of |ν|
depending on ̺c: at ̺c = 1 it is |ν| = ν1 and at ̺c ≤ 1 it is |ν| = ν0. The
mentioned parameters can be presented in the following form
ν2 = iν20 , ν
2
0 = |ν|2 ≃ ν21
(
1 +
ln ν1
L1
ϑ(ν1 − 1)
)
, ν21 =
ε
εe
1− x
x
,
εe = m
(
8πZ2α2naλ
3
cL1
)−1
, Lc ≃ L1
(
1 +
ln ν1
L1
ϑ(ν1 − 1)
)
, x =
ω
ε
. (26)
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It should be noted that in the logarithmic approximation the parameter ̺c
entering into the parameter ν is defined up to the factor ∼ 1. However, we
calculated the next term of the decomposition over v(̺) (an accuracy up
to the ”next to leading logarithm”) and this permitted to obtain the result
which is independent of the parameter ̺c (in terms ∝ 1/L). Our definition
of the parameter ̺c minimizes corrections to (19) practically for all values
of the parameter ̺c.
The approximate solution of Eq.(12) given in this formula has quite good
numerical accuracy:it is ∼ 2 % at ν1 = 100 and ∼ 4.5 % at ν1 = 1000.The
LPM effect manifests itself when
ν1(xc) = 1, xc = ωc/ε = ε/(εe + ε). (27)
So, the characteristic energy εe is the energy starting from which the mul-
tiple scattering distorts the whole spectrum of radiation including its hard
part. If the radiation length Lrad is taken within the logarithmic approx-
imation the value εe coincides with εLP Eq.(3). The formulas derived in
5,6 and written down above are valid for any energy. In Fig.1 the spec-
tral radiation intensity in gold (εe = 2.5 TeV) is shown for different en-
ergies of the initial electron. In the case when ε ≪ εe (ε = 25 GeV and
ε = 250 GeV) the LPM suppression is seen in the soft part of the spectrum
only for x ≤ xc ≃ ε/εe ≪ 1 while in the region ε ≥ εe (ε = 2.5 TeV and
ε = 25 TeV) where xc ∼ 1 the LPM effect is significant for any x.
For relatively low energies ε = 25 GeV and ε = 8 GeV used in fa-
mous SLAC experiment 7, 8 we have analyzed the soft part of spectrum,
including all the accompanying effects: the boundary photon emission, the
multiphoton radiation and influence of the polarization of the medium (see
below). The perfect agreement of the theory and data was achieved in the
whole interval of measured photon energies (200 keV≤ ω ≤500 MeV), see
below and the corresponding figures in 5, 9, 10. It should be pointed out
that both the correction term with F (ν) and the Coulomb corrections have
to be taken into account for this agreement.
When a scattering is weak (ν1 ≪ 1), the main contribution in (22) gives
a region where z ≪ 1. Then
−Im F (ν) = Im ν2 (R2 −R1) /9, Lc → L1,
Φ(ν) ≃ ν2 (R1 + 2R2) /6, (|ν| ≪ 1) (28)
Combining the results obtained in (28) we obtain the spectral distribution
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Figure 1. The spectral intensity of radiation ωdW/dω = xdW/dx, x = ω/ε in gold in
terms of 3Lrad taken with the Coulomb corrections. Curve BH is the Bethe-Maximon
spectral intensity (see Eq.(29)); curve 1 is the logarithmic approximation ωdWc/dω
Eq.(19), curve c1 is the first correction to the spectral intensity ωdW1/dω Eq.(22) and
curve T1 is the sum of the previous contributions for the electron energy ε = 25 GeV;
curves 2, c2, T2 are the same the electron energy ε = 250 GeV; curves 3, c3, T3 are the
same for the electron energy ε = 2.5 TeV; curves 4, c4, T4 are the same for the electron
energy ε = 25 TeV.
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of the probability of radiation in the case when scattering is weak (|ν| ≪ 1)
dW
dω
=
dWc
dω
+
dW1
dω
=
4Z2α3na
3m2ω
[ω2
ε2
(
ln
(
183Z−1/3
)
−1
6
− f(Zα))+ 2
(
1 +
ε
′
2
ε2
)(
ln
(
183Z−1/3
)
+
1
12
− f(Zα)
)]
, (29)
where L1 is defined in (16). This expression coincide with the known Bethe-
Maximon formula for the probability of bremsstrahlung from high-energy
electrons in the case of complete screening (if one neglects the contribution
of atomic electrons) written down within power accuracy (omitted terms
are of the order of powers of 1/γ) with the Coulomb corrections, see e.g.
Eq.(18.30) in 11.
At ν0 ≫ 1 the function Im F (ν) Eq.(22) has the form
−Im F (ν) = πR1/4 + ν0 (ln 2− C + π/4)R2/
√
2. (30)
Under the same conditions (ν0 ≫ 1) the function Im Φ(ν) (19) is
Im Φ(ν) = πR1/4 + ν0R2/
√
2→ ν0R2/
√
2. (31)
So, in the region where the LPM effect is strong the probability (19) can
written as
dWc
dω
=
αR2
ε2
(
Z2α2εε′na
πω
L(̺c)
)1/2
. (32)
This means that in this limit the emission probability is proportional to
the square root of the density. This fact was pointed out by Migdal 2 (see
Eq.(52)).
Thus, at ν0 ≫ 1 the relative contribution of the first correction dW1
dω
is
defined by
r = dW1/dWc = (ln 2− C + π/4) /2L(̺c) ≃ 0.451/L(̺c), (33)
where L(̺c) = ln
a2s2
λ2c̺
2
c
. In this expression the value r with the accuracy
up to terms ∼ 1/L21 doesn’t depend on the energy:Lc ≃ L1 + ln(ε/εe)/2.
Hence we can find the correction to the total probability at ε ≫ εe. The
maximal value of the correction is attained at ε ∼ 10εe, it is ∼ 6% for heavy
elements.
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3. Target of finite thickness
3.1. Boundary effects for a thick target
For the homogeneous target of finite thickness l the radiation process in a
medium depends on interrelation between l and formation length lf0 (1).
In the case when l ≫ lf0 we have the thick target where radiation on the
boundary should be incorporated. In the case when l ≪ lf0 we have the
thin target where the mechanism of radiation is changed essentially and in
the case when l ∼ lf0 we have intermediate thickness.
The spectral distribution of the probability of radiation of boundary
photons can be written in the form 5
dwb
dω
=
4α
ω
Re 〈0|r1M + r2pMp|0〉 , M =
(
1
H + κ
− 1
p2 + 1
)2
, (34)
where κ = 1+κ
′
2
0 , κ
′
2
0 = κ
2
0ε
′/ε, κ0 = ωp/ω, ωp = ω0γ, ω
2
0 = 4παne/m, ne
is the electron density, ω0 is the plasma frequency, H is defined in
Eq.(5), r1 = R1ε
′/ε = ω2/ε2, r2 = R2ε
′/ε = 1 + ε
′
2/ε2, the parameter κ0
describes the polarization of medium.
In the case when both the LPM effect and effect of polarization of a
medium are weak one can decompose combination in M in (34)
1
H + κ
− 1
p2 + 1
≃ 1
p2 + 1
(iV − κ′20 )
1
p2 + 1
. (35)
In the case when ν1 ≪ κ20 ≥ 1 one can omit the potential V in H (34), so
that the effect of polarization of a medium is essential, then
dwb
dω
=
4α
ω(2π)2
∫
〈0|r1M + r2pMp|0〉d2p
=
α
πω
{
r1
(
1 +
1
κ
− 2
κ− 1 lnκ
)
+ r2
[(
1 +
2
κ− 1
)
lnκ− 2
]}
(36)
This result is the quantum generalization of the transition radiation prob-
ability.
3.2. A thin target
This is a situation when the formation length of radiation is much larger
than the thickness l of a target 9
l ≪ lf = lf0/ζ, ζ = 1 + γ2ϑ2, T = l/lf0 ≪ 1/ζ, (37)
where lf0 are defined in Eq.(1). In the case κT ≪ 1 the radiated photon
is propagating in the vacuum and one can neglect the polarization of a
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medium. The spectral distribution of the probability of radiation from a
thin target is
dwth/dω = α/π
2ω
∫
d2̺
[
r1K
2
0 (̺) + r2K
2
1 (̺)
]
(1− exp(−V (̺)T )) , (38)
where V (̺) is defined in (5), (6), Kn is the modified Bessel function.
3.3. Multiphoton effects in energy loss spectra
It should be noted that in the experiments 7,8 the summary energy of
all photons radiated by a single electron is measured. This means that
besides mentioned above effects there is an additional ”calorimetric” effect
due to the multiple photon radiation. This effect is especially important
in relatively thick used targets. Since the energy losses spectrum of an
electron is actually measured, which is not coincide in this case with the
spectrum of photons radiated in a single interaction, one have to consider
the distribution function of electrons over energy after passage of a target
10.
We consider the spectral distribution of the energy losses. After sum-
ming over n the probability of the successive radiation of n soft photons with
energies ω1, ω2, . . . ωk by a particle with energy ε (ωk ≪ ε, k = 1, 2 . . . n)
under condition
∑n
k=1 ωk = ω on the length l in the energy intervals
dω1dω2 . . . dωn we obtain
10
dε
dω
=
1
π
Re
∫
∞
0
exp (ix) exp
{
−
∫
∞
0
dw
dω1
[
1− exp
(
−ixω1
ω
)]
dω1
}
dx
(39)
The formula (39) was derived by Landau 12 (see also 1) as solution of the
kinetic equation under assumption that energy losses are much smaller than
particle’s energy (the paper 12 was devoted to the ionization losses). The
energy losses are defined by the hard part of the radiation spectrum. In the
soft part of the energy losses spectrum (39) the probability of radiation of
one hard photon only is taken into account accurately. So,it is applicable
for the thin targets only and has an accuracy l/Lrad.
We will analyze first the interval of photon energies where the Bethe-
Maximon formula is valid. Substituting this formula for dw/dω (within the
logarithmic accuracy) into Eq.(39) we have
dε
dω
= βfBM , fBM =
exp(−βµ)
Γ(1 + β)
, β =
4l
3Lrad
, µ = ln
ε
ω
− 5
8
+ C, (40)
where Γ(z) is the Euler gamma function. If we consider radiation of the one
soft photon, we have from (39) dε/dω = β. Thus, the formula (40) gives
November 15, 2018 6:38 WSPC/Trim Size: 9in x 6in for Proceedings lpm03
12
additional ”reduction factor” fBM which characterizes the distortion of
the soft Bethe-Maximon spectrum due to multiple photons radiation. The
emission of accompanying photons with energy much lesser or of the order
of ω changes the spectral distribution on quantity order of β. However, if
one photon with energy ωr > ω is emitted, at least, then photon with energy
ω is not registered at all in the corresponding channel of the calorimeter.
Since mean number of photons with energy larger than ω is determined by
the expression
∞∑
n=0
nwn = wω =
∫ ε
ω
(dw/dω) dω, (41)
where wn is the probability of radiation of n soft photons. So, when radi-
ation is described by the Bethe-Maximon formula the value wω increases
as a logarithm with ω decrease (wω ≃ β ln ε/ω) and for large ratio ε/ω
the value wω is much larger than β. Thus, amplification of the effect is
connected with a large interval of the integration (ω ÷ ε) at evaluation of
the radiation probability.
If we want to improve accuracy of the formula (39) and for the case
of thick targets l ≥ Lrad one has to consider radiation of an arbitrary
number of hard photons. This problem is solved in Appendix of 10 for the
case when hard part of the radiation spectrum is described by the Bethe-
Maximon formula. In this case the formula (39) acquires the additional
factor. As a result we extend this formula on the case thick targets.
The Bethe-Maximon formula becomes inapplicable for the photon en-
ergies ω ≤ ωc, where LPM effect starts to manifest itself (see Eq.(27)).
Calculating the integral in (39) we find for the distribution of the spectral
energy losses
dε
dω
= 3β
√
ω
2ωc
fLPM , fLPM =
(
1 +
3π
2
√
2
β
√
ω
ωc
)
exp(−wc), (42)
where fLPM is the reduction factor in the photon energy range where the
LPM effect is essential,
wc = β (ln ε/ωc + C2) , C2 ≃ 1.959. (43)
In this expression the terms ∼ 1/L (see Sec.2) are not taken into account.
In the region ω ≪ ωp (see Eq.(34)) where the contribution of boundary
photons dominates the reduction factor for transition radiation ftr was
found in 10.
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3.4. Discussion of theory and experiment
Here we compare the experimental data 7,8 with theory predictions. Ac-
cording to Eq.(27) the LPM effect becomes significant for ω ≤ ωc = ε2/εe.
The mechanism of radiation depends strongly on the thickness of the target.
The thickness of used target in terms of the formation length is
β(ω) ≡ l
lf (ω)
= T (ν0 + κ) ≃ Tc
[
ω
ωc
+
√
ω
ωc
+
ω2p
ωωc
]
,
T =
lω
2γ2
, ωp = ω0γ, Tc ≡ T (ωc) ≃ 2π
α
l
Lrad
, (44)
where we put that ν0 ≃
√
ωc
ω
(see Eq.(26)). Below we assume that ωc ≫ ωp
which is true under the experimental conditions. So we have that
Tc = 2πl/αLrad ≥ 20 at l/Lrad ≥ 2 %. (45)
For Tc ≫ 1 (β(ωc) ≫ 1) the minimal value of the ratio of the thickness of
a target to the formation length follows from Eq.(44):βm ≃ 2Tc(ωp/ωc)2/3
and is attained for the heavy elements (Au, W, U) at the initial energy
ε = 25 GeV. In this case one has ωc ≃ 250 MeV, ωp ≃ 4 MeV, βm ≥ 2.5.
As an example we calculated the spectrum of the energy losses in the
tungsten target with thickness l = 0.088 mm (=2.5 %Lrad) for ε=25 GeV.
The result is shown in Fig.2. We calculated the main (Migdal type) term
Eq.(19), the first correction term Eq.(22) taking into account an influence
of the polarization of a medium, as well as the Coulomb corrections en-
tering into parameter ν0 Eq.(24) and value L(̺c) Eq.(14). We calculated
also the contribution of boundary photons (see Eq.(4.12) in 5). Here in the
soft part of the spectrum ω < ωd (ωd ≃ 2 MeV ) the transition radiation
term Eq.(36) dominates, while in the harder part of the boundary photon
spectrum ω > ωd the terms depending on both the multiple scattering and
the polarization of a medium give the contribution. All the mentioned con-
tribution presented separately in Fig.2. Under conditions of the experiment
the multiphoton reduction of the spectral curve is very essential. It is taken
into account in the curve ”T”. Experimental data are taken from 7. It is
seen that there is a perfect agreement of the curve T with data.
4. Conclusion
The LPM effect is essential at very high energies. It will be important in
electromagnetic calorimeters in TeV range. Another possible application
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Figure 2. The energy losses ωdW/dω in gold with thickness l = 0.023 mm in units
2α/pi. Curve 1 is the main (Migdal) contribution, curve 2 is the correction term, curve
3 is the sum of previous contributions, curve 4 is the contribution of boundary photons,
curve 5 is the sum of the previous contributions. curve T is the final theory prediction
with regard to the reduction factor (the multiphoton effects).
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is air showers from the highest energy cosmic rays. Let us find the lower
bound of photon energy starting from which the LPM effect will affect sub-
stantially the shower development. The interaction of photon with energy
lower than this bound moving vertically towards earth surface will be de-
scribed by standard (Bethe-Maximon) formulas. The probability wp(h) to
find the primary photon on the altitude h is
dwp/dh = wp exp(−h/h0)/lp, wp(h) = exp
(
−h0e−h/h0/lp
)
, (46)
where lp ≃ 9lr/7, lr is the radiation length on the ground level (lr ≃
0.3 km), h0 ≃ 8.7 km. The parameter ν2p (see Eq.(26)) characterizing the
maximal strength of the LPM effect at pair creation by a photon (ε+ =
ε− = ω/2) has a form
ν2p = (ω/ωe) exp(−h/h0)wp(h) = (ω/ωe) exp(−h0e−h/h0/lp − h/h0), (47)
where ωe is the characteristic critical energy for air on the ground level
(ωe = 4εe ≃ 1018 eV). The last expression has a maximum at hm =
h0 ln(h0/lp), so that ν
2
p(hm) = ω/ωm, ωm = ωeh0e/lp ≃ 6 ·1019eV. Bearing
in mind that the LPM effect becomes essential for photon energy order of
magnitude higher than ωm (e.g. the probability of pair creation is half of
Bethe-Maximon value at ω = 12ωe) we have that the LPM effect becomes
essential for shower formation for photon energy ω ≃ 5 · 1020 eV. It should
be noted that GZK cutoff for proton is 5 · 1019 eV. So the the photons with
the mentioned energy are extremely rare.
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